Abstract. A result of Hardy and Littlewood relates Hölder continuity of analytic functions in the unit disk with a bound on the derivative. Gehring and Martio extended this result to the class of uniform domains. We call it the Hardy-Littlewood property. Langmeyer further extended their result to the class of John disks in terms of the inner length metric. We call it the Hardy-Littlewood property with the inner length metric. In this paper we give several properties of a domain which satisfies the Hardy-Littlewood property with the inner length metric. Also we show some results on the Hölder continuity of conjugate harmonic functions in various domains.
Introduction
Suppose that D is a domain in the complex plane C. Let B(z, r) = {w : |w − z| < r} for z ∈ C and r > 0 and let B = B(0, 1) be the unit disk in C. Let (γ) denote the euclidean length of a curve γ, dia(γ) be a diameter of γ and dist(A, B) denote the euclidian distance from A to B for two sets A, B ⊂ C. Let α ∈ (0, 1].
Suppose that f is a real or complex valued function defined in D. We say that f is in the Lipschitz class, Lip α (D), 0 < α ≤ 1, if there exists a constant m such that 
Suppose that f is analytic in
in D. Conversely, we have the following well known result of Hardy and Littlewood.
Theorem 1.2. [5] If D is an open disk and f is analytic in D with
where c is an absolute constant.
The above theorem leads to the following notion, introduced in [3] . 
Theorem 1.2 tells that each open disk has the Hardy-Littlewood property. In [3, Corollary 2.2] it is proved moreover that uniform domains, defined below, have the Hardy-Littlewood property and it is showed that there exist domains having the Hardy-Littlewood property without being uniform [9] .
A domain D in C is said to be b-uniform if there exists a constant b ≥ 1 such that each pair of points z 1 and z 2 in D can be joined by a rectifiable arc γ in D with (γ) ≤ b|z 1 − z 2 | and with
for each z ∈ γ, where γ 1 and γ 2 are the components of γ \ {z}.
Next we say that a proper subdomain D in C has the Hardy-Littlewood property of order α for some α
It is clear that if D has the Hardy-Littlewood property, then D has the Hardy-Littlewood property of order α for each α ∈ (0, 1]. But the opposite implication does not hold in general [1] .
Next in [1] they give a characterization of a domain which has the Hardy-Littlewood property with order α as follows. On the other hands, in [8] it is showed that the Hardy-Littlewood property does not hold for John disks, defined below.
A simply connected bounded domain D ⊂ C is said to be a b-John disk if there exist a point z 0 ∈ D and a constant b ≥ 1 such that each point z 1 ∈ D can be joined to z 0 by an arc γ in D satisfying But John disks hold analogues of the Hardy-Littlewood property [6] , [8] and an analogue in [8] is explained in terms of the inner length metric.
for all z 1 and z 2 in D, where c is a constant which depends only on b,
Here infimum is taken over all open arcs β in D which join z 1 and z 2 .
Suppose that f is a real or complex valued function defined in D. We say that f is in the Lipschitz class with the inner length metric, Lip Clearly a proper subdomain D in C with the Hardy-Littlewood property of order α has the Hardy-Littlewood property with the inner length metric of order α. Also by Theorem 1.5 a John disk has the HardyLittlewood property with the inner length metric of order α.
One of the main subjects of this paper is to find properties of domains which have the Hardy-Littlewood property with the inner length metric of order α (see Section 2) .
Also in Section 3 we show some results on the Hölder continuity of conjugate harmonic functions in domains introduced above.
The Hardy-Littlewood property with the inner length metric of order α
First of all we show that the converse of Theorem 1.5 is not true. 
) where z j = |z j |e iθ j and
where a = Now let us recall the distance functions k α and δ α on a domain D, introduced in [7] . For each α ∈ (0, 1] and for z 1 , z 2 in D we define
where the infimum is taken over all rectifiable arcs γ joining z 1 to z 2 in D. Furthermore,
where the supremum is taken over all analytic functions f on D satisfying
The next theorem characterizes a domain which satisfies the HardyLittlewood property with the inner length metric of order α.
Theorem 2.2. A domain D in C has the Hardy-Littlewood property with the inner length metric of order α if and only if there is a constant
To prove Theorem 2.2 we need the following Lemma 2.3 which shows that δ α is connected to the metric k α .
Lemma 2.3. [7] In a simply connected bounded domain D ⊂ C we have
where α ∈ (0, 1] and c 1 is an absolute constant.
Proof of Theorem 2.2. Assume that D has the Hardy-Littlewood property with the inner length metric of order α. By the definition of δ α , the second inequality of (2.2) and
Hence there exists a rectifiable curve γ joining z 1 and z 2 in D such that (2.1) is satisfied with M = 
The Hölder continuity of conjugate harmonic functions in domains
In [3] combining Lemma 3.1 and the fact that an uniform domain has the Hardy-Littlewood property yields the following extension of a result due to Privaloff on the continuity of conjugate harmonic functions in the unit disk. 
where c is a constant which depends only on the constant b.
Now we extend the above result to the class of domains which has the Hardy-Littlewood property of order α. 
by the Cauchy-Riemann equations and Lemma 3. 
where n = 1, 2, . . . . Then
To obtain an analogous result of Lemma 3.2 for a John disk, we need a following analogous result of Lemma 3.1 for f ∈ Lip 
